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Université de Nantes, CNRS, Laboratoire de thermique et énergie de Nantes, LTeN, UMR 6607, F-44000 Nantes, France
d
Centro de Investigación y Transferencia (CIT) Rafaela, Universidad Nacional de Rafaela (UNRaf)/Consejo Nacional de
Investigación Cientı́ficas y Técnicas (CONICET)
Abstract
A novel overlapping nodes scheme developed in the framework of an improved element-free Galerkin (IEFG) formulation
is introduced in order to solve the transient heat conduction problem with a moving heat source involved in arc welding
processes, in an accurate and remarkably simple manner. The proposed approach consists in solving the aforementioned
problem over two overlapping arrangements of nodes, which transfer temperature and heat flux information each other
through properly defined immersed boundaries. A fine arragement of nodes (patch nodes) moves with the heat source
over a coarse background nodes distribution, and the solution is enriched via an appropriate coupling of the temperature
approximations computed over both arrangements. The patch nodes are conceived to achieve an accurate computation
of the temperature distribution and corresponding heat fluxes in the heat source vicinity, whose effects cannot be
properly captured by the coarse background arrangement. A detailed explanation concerning the appropriate coupling
between the temperature fields of both the background and patch nodes, is also provided in this communication. The
outcomes of this study reveal that the proposed Overset-IEFG (Ov-IEFG) formulation allows the achievement of very
accurate, smooth and stable solutions for both temperature and heat flux fields, without the need of resorting to
post-processing or additional local reconstruction techniques.
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Background Nodes/Single Component
Essential Conditions Loads Vector for
Background Nodes/Single Component
Heat Source Loads Vector for Patch
Nodes/Single Component
Essential Conditions Loads Vector for
Patch Nodes/Single Component

Introduction

The appropriate joining of structural elements via arc
welding demands an accurate control of the transient heat
transfer phenomena involved in such a manufacturing process, which has a crucial effect in the mechanical properties of the welded parts and quality of the joint. These
features reveal the significance of developing techniques,
whether theoretical or numerical, conceived to solve heat
transfer problems concerning arc welding as accurately as
possible. In this sense, several researchers have devoted
special efforts to achieve accurate solutions for heat transfer
problems involved in arc welding processes, via analytical, semi-analytical, and numerical approaches. Some of
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fluid flow and heat transfer in deformable porous media [25]
phase-change in both benchmark [23] an applied [26,27] cases,
moving boundaries [28,29] , radiative heat transport [30,31] , and
even topology optimization [32] .

the solutions achieved via analytical and semi-analytical
approaches include: The transient heat conduction problems solved by Nguyen et al. concerning double ellipsoidal
heat sources in uniform rectilinear motion in both semiinfinite bodies [1] and finite thick plates [2] , the solutions
developed by Winczek [3] for moving heat sources describing
arbitrary paths in semi-infinite bodies, the improvement
introduced by Fachinotti et al. [4] for the appropriate integration of double ellipsoidal moving heat sources, the
semi-analytical model for two-dimensional transient heat
conduction problems with moving heat sources developed
by Veldman et al. [5] via a splitting approach in which the
problem in two spatial dimensions is decoupled in three
one-dimensional problems, and the semi-analytical model
developed by Flint et al. [6] for moving heat sources in threedimensional finite orthogonal domains. The heat transfer
in arc welding is modelled via the solution of a transient
heat conduction problem with a variable moving heat source
whose power density exhibits a Gaussian distribution in a
small circular [7] , semi-spherical [1] , single [1] and double [4]
semi-ellipsoidal, or conical [6,8] region. On the other hand,
numerical methods have allowed the solution of arc welding
problems involving several difficulties and non-linearities
which, in principle, cannot be addressed via the analytical
approach. Such difficulties include the implementation of
split or composite heat sources in irregular geometries [8] ,
temperature-dependent properties and phase-change effects [9,10] , coupled heat and mass transfer between dissimilar welded materials [11] , and non-linear thermo-mechanical
analysis including inelastic strains effects [9,10] . The finite
element method is a thoroughly developed mesh-based numerical technique, which has been widely and successfully
used in the solution of transport phenomena and thermomechanical problems inherent in arc welding processes. The
achievement of accurate results in the FEM-based numerical solution of transient heat conduction problems in arc
welding usually requires a significant mesh refinement along
the moving heat source path [4,9] or the implementation of
adaptive remeshing procedures [12,13] , for an appropriate
capture of the corresponding marked thermal gradients.
Such a requirement arises from the fact that FEM-based
solutions usually involve a piecewise approximation of the
field variables, which introduces difficulties to capture high
thermal gradients due to the discontinuous derivatives at
the elements faces [14] . Such features also make difficult the
solution of problems involving moving boundaries, large deformations and material discontinuities that commonly do
not coincide with the element or cell boundaries [14] . A feasible alternative conceived to overcome the aforementioned
difficulties regarding the FEM and other mesh-based discretization techniques has been found in the implementation
of more recently developed meshless or meshfree techniques,
whose potential in the solution of increasingly complex heat
transfer problems has already been demonstrated by several researchers. Some of these problems include transient
heat conduction in both isotropic [15,16] and anisotropic media [17,18] , inverse [19] and backwards [20] heat conduction
analysis, natural [21,22] and forced [23,24] convection, coupled

The solution of transient heat conduction problems with
local moving heat sources are of principal interest in this
work, and the studies available in the revised literature concerning the solution of this problem via meshless techniques
demonstrate the potential of such approaches to achieve
smooth, accurate and stable results in the heated region.
The positive features of meshless techniques in the solution of transient heat conduction problems with moving
heat sources have been demonstrated in simple benchmark
cases [7,33] , three-dimensional heat transfer modelling with
experimental validation [8] , markedly concentrated moving
heat sources following curve paths in irregular domains [34] ,
and more complex applied situations such as: transient
heat conduction analysis in friction stir welding [35] ,thermomechanical modelling of arc-welding [36] and additive manufacturing processes [10,37] . Meshless techniques frequently
give rise to a straightforward computation of continuous
and smooth distributions in the field variables and the corresponding derivatives, whereby such methods provide a
better capturing of high thermal gradients and improve
the convergence rate in comparison with mesh-based techniques [23,27] . Some of the meshless methods used to predict
the performance of welding processes include: the elementfree Galerkin (EFG) method [7,8,10] , meshless local PetrovGalerkin (MLPG) method [36] , the finite pointset (FPS)
method [33] , improved symmetric smooth particle hydrodynamics (ISSPH) [35,37] , and also the radial point interpolation method (RPIM) [34] . Among the meshless techniques,
the EFG method is a weak-formulation based procedure
whose reliability has already been demonstrated in the solution of several interesting problems such as: mechanics of inelastic solids under both small [38,39] and finite [40]
strains, heat transfer with phase change in fixed [26,27] and
variable [28,29] domains, linear [7,8] and non-linear [10] transient heat conduction with moving heat sources, fluiddynamics [41,42] , fluid-structure interaction [43] , coupled fluid
flow and heat transfer in homogeneous [21,44] and porous media [25] , heat transfer in anisotropic media [17,18] , and even
bio-medical applications [45,46] . The successful implementation of EFG formulations in the solution of increasingly
complex problems has recently allowed an extension of its
potential to the thermal and thermo-mechanical analysis of
arc welding processes, giving rise to an accurate assessment
of the moving heat source effects [7,8] and its implications in
additive manufacturing processes [10] .
According to the studies discussed so far concerning the
implementation of meshless techniques in the solution transient heat conduction problems with moving heat sources,
such kind of numerical methods allow the achievement of
very accurate results with a coarse nodes distribution in
comparison with the mesh refinements usually required in
mesh-based solutions. Some accurate results have been
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and transient [52] heat conduction and thermo-elastic problems with both fixed concentrated heat sources, whereby its
potential has also been recently used in the solution of thermal [53] and thermo-elastic [54] problems with moving point
heat sources. It must be remarked that the main advantage
of both BEM and MFS in the solution of transient heat
conduction problems with moving point heat sources is the
possibility of capture appropriately thermal energy delivered to the problem domain without the need of performing
cumbersome rearrangements of internal elements or nodes
at each time step, and those used to discretize or represent
the domain boundaries remain unchanged.

achieved even performing uniform nodes distribution to
represent the problem domain in the context of element-free
Galerkin [7] , finite pointset [33] and meshless local PetrovGalerkin [36] methods, which overcomes the local mesh
refinements demanded in the framework of mesh-based
techniques. Such a positive numerical feature has been
demonstrated for moving heat sources with effective areas
of moderate dimensions, where the smooth-higher order approximations inherent in meshless methods are enough to
achieve an accurate computation of the high thermal gradients developed near the heat source. This straightforward
achievement of accurate results is not feasible for moving
heat sources with effective areas of small dimensions, where
the need of performing a local nodes or mesh refinement cannot be overcome regardless the implementation of meshless
or mesh-based techniques. A recent development conceived
to overcome such issue within the framework of meshless
methods has been introduced in the work of Khosravifard
et al. [34] , where the RPIM has been coupled to an adaptive
nodes refinement procedure for the solution of transient
heat conduction problems with moving point heat sources.
Such a technique has also involved the need of introducing
a background decomposition method, in order to conform
the integration points to the local nodes refinement during
the numerical computation and assembling of the matrices
and vectors inherent in the RPIM. It is worth mentioning the particular suitability of alternative boundary-type
mesh-based and meshless methods for the solution of heat
conduction problems with point heat sources, since in such
numerical techniques only the domain boundary must be
discretized or represented by a set of elements or nodes (no
internal elements or nodes are involved in the numerical
approximations). The boundary element method (BEM)
is a boundary-type mesh-based technique whose potential
has already been demonstrated in problems involving not
only static [47] and moving [48] point heat sources, but also
concentrated along straight [49] and curved [50] lines. Despite such potential of the BEM to solve problems of this
kind, this promising numerical technique also has several
disadvantages concerning the mathematical complexity of
its formulation, the need for a previous knowledge of the
fundamental solution of the problem to be solved, its cumbersome programming, and the singular integrals to be
solved at the problem boundaries. A powerful alternative
tool to overcome the aforementioned drawbacks of the BEM
is a boundary-type meshless technique known as the method
of fundamental solutions (MFS), in which the temperature
distribution (in the context of heat conduction problems) is
approximated via a superposition of fundamental solutions
linked to heat sources located on a pseudo-boundary outside
the problem domain. Although the MFS is also based on a
previous knowledge of the fundamental solutions, it is actually an integration-free method with singular points located
outside the problem domain. Such features are the main advantages of the MFS, since there is no need to solve singular
integrals at the problem boundaries and the computational
cost is low. Such noteworthy advantages of the MFS have
allowed a very accurate and efficient solution of steady [51]

In agreement to the aspects discussed so far concerning
the potential of meshless and mesh-reduction techniques
for the solution of heat conduction problems with moving
heat sources in arc welding processes, the present work is
focused on providing a further development in this regard
via the introduction of a novel EFG-based procedure for
the solution of transient heat conduction problems with
moving heat sources of small effective area. The thermal
problem will be solved over two overlapping computational
domains represented by different nodes distributions with
no topological relationship, but transferring information
each other through properly defined immersed boundaries.
The EFG formulations developed for the thermal problem
over each nodes arrangement are coupled via the imposition
of Dirichlet conditions at the moving immersed boundaries,
which are enforced via the penalty method and updated
until convergence is reached at each time step. Such kind
of overlapping nodes scheme is unprecedented in the revised literature, and thus also its implementation in the
heat transfer modelling of arc welding processes. The approximation of temperature for the procedure proposed in
this communication will be conducted via improved moving
least squares (IMLS), which actually leads to an improved
element-free Galerkin (IEFG) formulation. Such a novel
Overset-IEFG (Ov-IEFG) approach is conceived to make
use not only of the IMLS positive features concerning the
straightforward achievement of smooth-high order approximations in a moving local support domain, but also the
possibility of performing a continuous integration of the
coupling Dirichlet conditions (CDC) to be imposed along
the immersed boundaries. Such a feature allows the achievement of smooth temperature and heat flux distributions in
the transition between both arrangements of nodes, without resorting to the complex post-processing or local reconstruction techniques usually required in the nodes-based
piecewise transfer of information inherent in overset techniques developed in the context of FEM or finite volume
methods (FVM) [55] . A recent development in this regard
and a comprehensive review of overset techniques developed
in the framework of FEM and FVM can be found in the
work of Storti et al. [55] , where a high-order adaptive interpolation algorithm has been introduced in order to achieve a
smooth coupling between the temperature fields computed
in overlapping non-structured meshes while keeping the
convergence features of a one-domain standard FEM-based
3

solution. It is worth mentioning that -up to the authors’ achieved performing a straightforward transfer of informaknowledge- the implementation of overset techniques has tion between both arrangements of nodes via the IMLS apnot yet been introduced in the solution of transient heat proximations.
conduction problems with moving heat sources in arc welding processes, regardless of whether such procedures are
BG
developed within the framework of mesh-based or meshless
approaches.
BG

According to the aspects mentioned above, the contributions of this study can be summarized as follows:
BG PC

 An IEFG-based approach conceived to achieve accurate results in the numerical solution of transient heat
conductions problems with moving heat sources of
small effective area, in a remarkably simple manner.
Such a procedure gives rise to a more comprehensive
use of the positive features of the IMLS approximations involved in IEFG formulations, in comparison
with the studies so far available in the literature concerning the solution of such heat transfer problem via
meshless techniques.

PC
PC BG

Fixed background
nodes
Moving patch
nodes

 The introduction of an overset technique in the context of an IEFG formulation, which has given rise to an
Ov-IEFG approach unprecedented in the revised literature. Such a procedure involves a straightforward
transfer of information between overlapping nodes arrangements via IMLS approximations, which allows
the achievement of a smooth transition of the numerical solution at the coupling immersed boundaries
without the need of resorting to the local reconstruction techniques commonly required in the framework
of FEM and FVM.

Figure 1: Representation of the problem domain for a numerical
solution performed via the Ov-IEFG method.

The proposed methodology is depicted in Fig.1, where a
fine distribution of patch nodes (red points) is placed to represent a region ΩPC where thermal gradients are expected
to be so high that they cannot be properly captured by the
coarse arrangement of background nodes (blue points). The
background nodes arrangement is used to perform the numerical solution only in the region ΩBG − ΩPC of smooth
temperature gradients, whereas the patch nodes representing ΩPC are used to achieve an enriched approximation of
the temperature distribution in such a region of high numerical accuracy requirements. The transfer of information
from ΩBG to ΩPC and visceversa is performed through the
immersed boundaries ΓBG→PC and ΓPC→BG , respectively.
Such a transfer of information is performed via the imposition of CDC defined from the thermal problem solved over
each nodes arrangement, and consequently updated at each
time step. The thermal problem solved in ΩBG provides the
temperature distribution to be imposed on ΓBG→PC (immersed boundary to transfer information from ΩBG to ΩPC ),
and this information is transferred to ΩPC in the form of a
CDC to which the thermal problem to be solved in such
moving region is subjected. Similarly, the thermal problem
solved in ΩPC provides the temperature distribution to be
imposed on ΓPC→BG (immersed boundary to transfer information from ΩPC to ΩBG ), and this information is the CDC
to which the thermal problem to be solved in the fixed background domain ΩBG is subjected. Particularly for the problem to be solved in this study, the region ΩPC represented
by the patch nodes constantly moves in order to enclose
the heat source at each time step. On the other hand, the
coarse arrangement of background nodes is fixed and spans
the entire problem domain ΩBG . Such features introduce

 A novel technique for the heat transfer modelling of
arc welding processes via a meshless representation
of the problem domain involving a moving fine nodes
arrangement continuously capturing the high thermal
gradients developed near the heat source, and reciprocally transfer numerical information with a fixedcoarse background nodes arrangement for the achievement of an enriched-accurate solution.
 A first approach conceived to circumvent the cumbersome adaptive nodes refinement procedures commonly
required within the framework of domain-type meshless methods for the achievement of accurate solutions
in transient heat conduction problems with moving
heat sources of small effective area, which has been
particularly developed using the IEFG method.

2.

Governing Equations

The transient heat conduction problem in a domain ΩBG
with boundaries ΓBG will be solved via an IEFG formulation developed over a meshless representation consisting of
two overlapping set of nodes, and the enriched solution is
4

some differences in the form of the transient heat conduction equation to be solved over each nodes distribution, and
thus in the corresponding IEFG formulations to be properly coupled for the achievement of an enriched numerical
solution of the heat transfer problem.

subjected to the heat source motion, but to the ALE description inherent in the relative motion between the actual
problem domain ΩBG (whose material velocity is null) and
the moving patch nodes representing ΩPC . The solution of
(2) is also subjected to the initial condition:
T = T0

2.1.

Transient heat conduction equation for
the patch and background node arrangements

∂T
= ∇. (k∇T ) + Q̇
∂t

in ΩBG × [0, tf ] ,

T = T̄BG

T = T̄

at t = 0,

(1)

in ΩBG ,

on ΓT × [0, tf ] ,

−k∇T.n̂ = q̄

on Γq × [0, tf ] ,

where ρ, Cp , and k are the density, specific heat capacity and conductivity of the solid, whereas T and Q̇ are the
temperature and heat source term, respectively. The temperature T̄ and the heat flux q̄ are prescribed at the nonoverlapping boundaries ΓT and Γq (ΓBG = ΓT ∪ Γq ), and
n̂ is the normal unit vector pointing outwards Γq . The solution of (1) is also subjected to the following CDC on the
immersed boundary ΓPC→BG :
T = T̄PC

on ΓBG→PC × [0, tf ] (CDC).

where T̄BG is computed via the temperature approximations performed over the coarse background nodes arrangement, for the solution of Eq. (1). It is important to highlight the marked reciprocal dependence of Eqs.(1) and (2),
given the need of imposing the CDC inherent in the transfer of information between the overlapping arrangements of
nodes. The temperature T̄PC to be imposed on the immersed
boundary ΓPC→BG for the solution of Eq.(1) is computed
from the temperature approximations performed to solve
Eq.(2), whereas the temperature T̄BG to be imposed on the
immersed boundary ΓBG→PC for the solution of Eq.(2) is
computed from the temperature approximations performed
to solve Eq.(1). These features of the proposed Ov-IEFG
approach lead to the need of performing an iterative procedure at each time step, until convergence is reached in the
coupling between such complementary transient heat conduction equations for the definitive achievement of a single
enriched solution. The iterative procedure will be conducted
in the context of IEFG formulations developed for the solution of Eqs.(1) and (2) over the arrangements of background
and patch nodes, respectively.

which is subjected to the initial and boundary conditions:
T = T0

in ΩPC ,

and the following CDC on the immersed boundary ΓBG→PC :

The transient heat conduction problem to be solved in
the coarse background nodes arrangement concerning the
fixed representation of the entire problem domain, is described by the following partial differential equation:
ρCp

at t = 0,

on ΓPC→BG × [0, tf ] (CDC),

2.2.

Formulation and iterative algorithm of
the Ov-IEFG procedure

where T̄PC is computed from the solution of a complementary transient heat conduction problem to be solved in the
The Overset-IEFG procedure proposed in this commufine arrangement of patch nodes representing the domain
nication
is developed in terms of the weak formulations of
ΩPC , which moves with the heat source over ΩBG . The
Eqs.(1)
and
(2), which are given as follows:
complementary problem is described by the following parZ
Z
tial differential equation, which includes an advective term
∂T
∇δT.k∇T dΩ
dΩ +
δT ρ Cp
in order to take into account the rigid motion of ΩPC over
∂t
ΩBG
ΩBG
the actual problem domain ΩBG :
Z
Z
Z

ρCp

∂T
− ρCp~v .∇T = ∇. (k∇T ) + Q̇
∂t

=

in ΩPC ,

δT Q̇dΩ +

ΩBG

(2)

δT hp T̄ − T dΓ

δT q̄ dΓ +

Γq

ΓT

Z
+


δT hp T̄PC − T dΓ,

(3)

where ~v is the velocity of ΩPC . Eq. (2) can actually be
ΓPC→BG
conceived as an Arbitrary Lagrangian-Eulerian (ALE) description with a null material velocity [56] , for the transient
Z
Z
∂T
heat conduction problem to be solved over ΩPC . This apδT ρ Cp
dΩ +
∇δT.k∇T dΩ
∂t
ΩPC
ΩPC
proach must not be confused with the Rosenthal’s formulaZ
Z
tion, which is an approximation where the advective term
−
δT ρ Cp~v .∇T dΩ =
δT Q̇dΩ
arises because the transient heat conduction problem is deΩPC
ΩPC
Z
scribed in a coordinates system attached to the moving heat

+
δT hp T̄PC − T dΓ. (4)
source [7,57] . It should be emphasised that the heat source
location is assumed to be fixed in the Rosenthal’s approach,
ΓBG→PC
whereas the effects of its motion are introduced by the advective term. On the other hand, the heat source location is In Eqs.(3) and (4), hp is the penalty parameter concerning
updated at each time step in the current Ov-IEFG approach. the imposition of Dirichlet conditions at both the exterThe advective term included in Eq. (2) is actually not re- nal (ΓT ) and immersed coupling (ΓPC→BG and ΓBG→PC )
lated to a transformation of the transient heat conduction boundaries.
equation to a moving coordinates system whose location is
5

The IEFG formulation of (3) is obtained using the same proximations (6) in (4):
IMLS approximations for both the temperature and its vir
nPC Z
tual variation, which are defined in terms of the coarse arX
˙ (J)
(I)
(J)
ϕPC ρ Cp ϕPC dΩ T̂PC
rangement of background nodes concerning the fixed repreΩ
J=1
sentation of the entire problem domain ΩBG :
| PC
{z
}
nBG

δT (~x) =

X

PC
CIJ

nBG
(I)
(I)
ϕBG (~
x) δ T̂BG ,

X

T (~
x) =

I=1

(J)
(J)
ϕBG (~
x) T̂BG ,

nPC

(5)

+

J=1

X Z
ΩPC

J=1

where nBG is the number of background nodes. On the
other hand, the IEFG formulation of (4) involves IMLS approximations defined in terms of the fine arrangement of
patch nodes representing the moving domain ΩPC :
δT (~x) =

nPC

nPC

X

X

(I)

(I)

ϕPC (~
x) δ T̂PC ,

T (~
x) =

I=1


(I)
(J)
(J)
∇ϕPC .k∇ϕPC dΩ T̂PC
{z

|
nPC

−

X Z


(I)
(J)
(J)
ϕPC ρ Cp~v .∇ϕPC dΩ T̂PC

ΩPC

J=1

{z

|
(J)

nPC

J=1

+

where nPC is the number of patch nodes.

}

APC
IJ

(J)

ϕPC (~
x) T̂PC , (6)

}

PC
KIJ




Z

X

J=1

(I)
(J)
ϕPC hp ϕPC

ΩPC

ΓBG→PC

|


(I)
ϕPC Q̇ dΩ

Z

(J)

dΓ T̂PC =

{z

|
{z

PC
PIJ

}

PC(Q̇)

}

FI

The IMLS approximations to be used in this work are


Z
constructed over square influence domains with weight
(I)
+
ϕPC hp T̄BG dΓ . (8)
functions based on cubic splines, whereas the correspondΓ
BG→PC
ing weighted orthogonal polynomial basis vectors are con|
{z
}
PC(hp )
structed from bilinear basis functions. A more compreFI
hensive explanation about the construction of IMLS approximations with such features can be found in previous The IEFG formulations given for each nodes distribution
communications [42,43] , whereby readers are referred to these in (7) and (8) can be summarized as follows:
work for further details in this regard. In order to simplify
nBG
BG 

the notation, the argument (~x) of the IMLS approximations
X BG ˙ (J) nX
(J)
BG
BG
T̂BG
KIJ
+ PIJ
CIJ T̂BG +
is omitted hereinafter.
J=1

BG(Q̇)

The substitution of approximations (5) in (3) gives rise
to the following IEFG formulation for the background nodes
arrangement, which has been achieved preserving the fact
(I)
that it must hold for any δ T̂BG :

= FI

nPC

X
nBG

X Z


˙ (J)
(I)
(J)
ϕBG ρ Cp ϕBG dΩ T̂BG

|

{z

BG
CIJ

X Z

(I)
(J)
∇ϕBG .k∇ϕBG

|

X Z

+

(I)
(J)
ϕBG hp ϕBG

Z

(I)
(J)
ϕBG hp ϕBG

dΓ +

ΓT

J=1

(J)
dΓ T̂BG

{z

}

BG
PIJ

 "Z
(I)
ϕBG Q̇ dΩ +

Z

PC(hp )

+ FI

,

(10)

(11)

ΓPC→BG

|
=

J=1

= FBG(Q̇) + FBG(q̄) + FBG(hp ) ,



nBG

(9)



˙
CBG T̂BG + KBG + PBG T̂BG

}

BG
KIJ

,

and finally re-written in the following arrangements of matrices and vectors:


(J)
dΩ T̂BG

{z

BG(hp )

+ FI

nPC 

X
(J)
PC
PC
PC ˙ (J)
T̂PC
KIJ
− APC
CIJ
T̂PC +
IJ + PIJ
PC(Q̇)

ΩBG

J=1

BG(q̄)

+ FI

= FI

}

nBG

+

J=1

ΩBG

J=1

J=1

ΩBG



˙
CPC T̂PC + KPC − APC + PPC T̂PC

#
(I)

= FPC(Q̇) + FPC(hp ) .

ϕBG q̄ dΓ

(12)

Γq

|

{z

}

BG(Q̇)

FI


Z
+

{z

|

BG(q̄)

FI

The transient problem involved in Eqs. (11) and (12) will
be solved at each time step under a fully implicit backward
finite difference scheme, which gives rise to the following
(I)
ϕBG hp T̄PC dΓ . (7) algebraic systems of equations:


Z

(I)

ϕBG hp T̄ dΓ +
ΓT

|

}

ΓPC→BG

{z

BG(hp )

}



FI

Similarly, the following IEFG formulation for the patch
nodes arrangement is achieved after the substitution of ap-


CBG
CBG BG
+ KBG + PBG T̂BG
=
T̂
∆t
∆t
t+∆t


+ FBG(Q̇) + FBG(q̄) + FBG(hp )

t

t+∆t

6

,

(13)

techniques to conduct an appropriate analysis of the transient heat conduction phenomena with moving heat sources
C
involved in arc welding processes [7,33] . The figure represents
+ KPC − APC + PPC T̂PC
∆t
t+∆t
a thin plate subjected to an arc welding process, where the


CPC PC
v = (u, 0) along
=
T̂
+ FPC(Q̇) + FPC(hp )
. (14) heat source moves with constant velocity ~
∆t
t
t+∆t
the horizontal axis of symmetry.
The reciprocal dependence of Eqs. (1) and (2) has now been
settled in terms of the iterative solution of the algebraic systems of equations (13) and (14), which are coupled via the
load vectors FPC(hp ) and FBG(hp ) . The nodal parameters
𝑣⃗ = (𝑢, 0)
of vector T̂PC are used to compute the temperature T̄PC in𝑟0
volved in the assembling of FBG(hp ) , whereas the vector T̂BG
𝐻𝑒𝑎𝑡 𝑠𝑜𝑢𝑟𝑐𝑒 𝑝𝑎𝑡ℎ
is used to calculate the temperature T̄BG required for the assembling of FPC(hp ) . According to the features described so
far, the Ov-IEFG procedure proposed in this communication is implemented according to the algorithm schematized
in the following flowchart in pseudo code:
PC



50 mm



1. Inizialization of T̂BG

and T̂PC
t

according to the initial

100 mm

t

condition T = T0 . Assembling of (13) and (14).
(ω)

2. Iterative Ov-IEFG procedure: set ω = 0, T̂BG
(ω)

T̂BG
t

(a)

and T̂PC

Figure 2: Physical and geometric features of the heat transfer
problem concerning a thin plate subjected to an arc welding process with the heat source following a straight path along the
horizontal axis of symmetry.

=
t+∆t

= T̂PC .
t+∆t

t

 if ω ≥ 1,
=
 Otherwise, no CDC should be imposed on
ΓPC−BG
(ω+1)
T̄PC

(b) Solving (13): T̂BG

(ω)
T̄PC .

,
t

(ω+1)

(c) Computing T̄BG

,
t

(ω+1)

→
t+∆t

(ω+1)
T̂BG

The heat source is considered to have an effective circular area where the power density is distributed according
to [7,33] :

.
t+∆t

using (5) on ΓBG−PC .

(d) Solving (14): T̂PC
(e) Computing T̄PC

(ω)
T̂BG

(ω)
T̂PC

→
t+∆t

(ω+1)
T̂PC

Q̇ = Q̇0 e−r

2
/r0

.

(15)

.
t+∆t

In (15) Q̇0 is the maximum power density at the heat source
centre times the plate thickness, r is the distance from the
heat source centre, and r0 is a radius defining an effective
circular area such that:

using (6) on ΓPC−BG .

(f) Stop criterion:

 if ω = 0, ω ← ω + 1, go back to (a).
 Otherwise:
(ω+1)
(ω)
– if kT̄BG − T̄BG kL2 (ΓBG−PC ) +
(ω+1)

2

QT = Q̇0 πr02 = 2π

∞

Z

Q̇0 e−r

2

2
/r0

rdr,

(16)

0

(ω)

kT̄PC
− T̄PC kL2 (ΓPC−BG ) ≥ , ω ← ω + 1,
then go back to (a).

Eq. (16) is written considering that r0 defines an effective circular area where a uniform heat source of value Q̇0
– Otherwise, set t ← t + ∆t, T̂BG
=
would provide the whole power QT of the Gaussian distrit
(ω+1)
(ω+1)
, and T̂PC = T̂PC
, and bution given by (15). According to the symmetries inherent
T̂BG
t+∆t
t
t+∆t
in the problem configuration, the numerical solutions will
go to the next time step (g).
be conducted over the upper half of the plate subjected to
(g) Next time step:
the boundary conditions depicted in Fig.3.
 if t < tf , Assemble (13) and (14), and then go
back to (2).
 Otherwise, got to (3).

𝜕𝑇
=0
𝜕𝑦

3. Compute the temperature distributions TBG in ΩBG − ΩPC
using (5), and TPC in ΩPC using (6). Obtain the effective
solution of the heat transfer problem as T = TBG ∪ TPC .

𝜕𝑇
=0y
𝜕𝑥
x

3.

𝜕𝑇
=0
𝜕𝑥

𝑣⃗ = (𝑢, 0)
𝑟0
𝜕𝑇
=0
𝜕𝑦

Model description and numerical
results

Figure 3: Computational domain and boundary conditions to be

The Ov-IEFG procedure will be tested in a problem with imposed in the numerical solution of the heat transfer problem
the configuration depicted in Fig.2, which is a useful bench- with the configuration depicted in Fig.2.
mark case to prove the suitability of alternative numerical
7

The current problem only involves adiabatic boundary
conditions on ΓBG , i.e. q̄ = 0 on Γq and ΓT = ∅. The transient heat conduction problem will be solved considering the
welding parameters and material properties summarized in
Table 1, with the initial position of the heat source centre
at (xs , ys ) = (0, 0).

In order to demonstrate the positive features about using
the proposed Ov-IEFG procedure in the analysis of transient
heat conduction with moving heat sources, the current case
will be solved for heat sources of increasingly smaller effective radii. The total power of the Gaussian source is kept
constant, whereby the maximum power density of the source
for each case is computed as:

Table 1: Welding parameters and material properties for the
transient heat conduction problem of the thin plate subjected to
an arc welding process with the heat source following a straight
path along the horizontal axis of symmetry.
Welding parameters

Q̇0 =

The total power for the Gaussian source given in Table 1
has been determined taking as reference an effective circular area of radius r0 = 2 mm with a maximum power density
times the plate thickness of Q̇0 = 5 W.mm−2 , which corresponds to the arc welding parameters considered in the numerical studies conducted by Pham [7] and Reséndiz FloresSaucedo Zendejo [33] . The proposed Ov-IEFG technique has
been used to solve such a transient heat conduction problem
with moving heat source, considering effective circular areas
with radius of 2 mm, 0.2 mm and 0 mm (point heat source).
The arrangements of overlapping nodes corresponding to different instants of the transient heat conduction analysis are
depicted in Fig.4(a)-(c), where the patch nodes moves according to the heat source path.

Values

Plate length (mm)

100

Plate width (mm)

50

Total power of the Gaussian source QT (W)

62.83185

Initial temperature T0 (o C)

0

Heat source speed u (mm/s)

2

Material properties

Values
-1

-1

Conductivity (W.mm .K )

0.025

Specific heat capacity (J.kg-1 .K-1 )

658

-3

7.6 × 10−6

Density (kg.mm )

25

25

Background nodes in BG
Moving patch nodes in PC
Integration points for CDC

15

PC BG

BG PC

Background nodes in BG
Moving patch nodes in PC
Integration points for CDC

20
y (mm)

y (mm)

20
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5
0
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.
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15
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5
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(a) t=5 s
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(b) t=25 s
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(c) t=50 s

Figure 4: Overlapping nodes arrangement used in the solution of the heat transfer problem over the rectangular thin plate. The
patch nodes (red) move with the heat source, and the integrals corresponding to the transfer of information via the CDC are
computed using the Gauss integration points (black) lying on the embedded boundaries ΓBG→PC and ΓPC→BG .

The temperature distributions computed via the OvIEFG approach for each size of effective circular area are depicted in Fig.5(a)-(c), Fig.6(a)-(c) and Fig.7(a)-(c), whereas
a comparison between the corresponding temperature profiles computed along the horizontal axis of symmetry is given
in Fig.8(a)-(c). Although the solutions have been performed
in the computational domain depicted in Fig.3, the corresponding temperature distributions have been plotted over

the entire plate for a better visualization. The smooth and
stable temperature distributions achieved under the proposed Ov-IEFG technique demonstrate the potential of this
numerical approach to properly capture the marked thermal
gradients developed near the moving heat source, regardless the size of its effective area. The temperature profiles
along the horizontal axis of symmetry exhibit a continuous and smooth transition in the region of coupling between
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both nodes arrangements, which proves that transferring information through the immersed boundaries ΓBG→PC and
ΓPC→BG using the penalty method involved in the Ov-IEFG
formulation is actually an accurate and reliable procedure of
straightforward implementation. The distribution of moving patch nodes used in this problem has been fine enough
to allow an appropriate capture of the moving heat source
effects not only in the case of an effective area of moderate
dimensions (r0 = 2 mm), but also for the more demanding
situations of small effective area (r0 = 0.2 mm) and point
heat source (r0 = 0 mm).
(a) t=5 s

(a) t=5 s
(b) t=25 s

(b) t=25 s
(c) t=50 s

Figure 6: Temperature distributions computed over the rectangular plate at different times via the proposed Ov-IEFG, with
a moving heat source of an effective circular area of radius
r0 = 0.2 mm.

The moving and background computational domains
have been represented with 51 × 26 and 61 × 16 nodes,
respectively. Additionally, the moving patch nodes have
been clustered near the heat source centre via the coordinates transformation used by Ding [58] . The results exhibit
(c) t=50 s
a noteworthy increment in temperature and the correspondFigure 5: Temperature distributions computed over the rectan- ing gradients in the moving heat source vicinity as the efgular plate at different times via the proposed Ov-IEFG, with fective radius for energy distribution gets smaller until the
a moving heat source of an effective circular area of radius extreme situation of point heat source is reached, for which
r0 = 2 mm.
the maximum temperature computed via the Ov-IEFG approach exceeds 6000 o C.
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commonly used to approximately model heat sources of very
small effective area [34,53,54] .
t=5s, Solution in
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Figure 7: Temperature distributions computed over the rectangular plate at different times via the proposed Ov-IEFG, with
a moving heat source of an effective circular area of radius
r0 = 0 mm (point heat source).
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(c) r0 = 0 mm (point heat source)

Although the approximation enrichment performed via
the moving patch nodes has allowed the prediction of a remarkably high temperature at the point heat source location
at each time step, it is worth mentioning that achieving convergence to a finite value of temperature at such a position is
actually unfeasible. This is because the temperature distribution under such extreme situation must formally reach an
infinite value at the point heat source location at each time,
which is demonstrated in the analytical solutions available in
the pioneer work developed by Jaeger [59] and Rosenthal [57] .
Moving point heat sources do not occur in reality, but are

Figure 8: Temperature profiles computed at different times along
the horizontal symmetry axis of the plate, via the proposed OvIEFG.

Although the temperature computed at the exact location of the moving point heat source does not actually
provide any meaningful information, the appropriate capture of the markedly high thermal gradients developed near
it demands strict requirements of accuracy and stability
of the numerical technique used to perform an appropriate analysis of the transient heat conduction process. The
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numerical results obtained via the Ov-IEFG technique in
the moving point heat source case demonstrate the robustness and stability of such an approach, since -even under
such extreme conditions- it has also given rise to an stable and detailed capture of the temperature distributions
and marked thermal gradients developed in the heat source
vicinity followed by an smooth and continuous transition in
the region of coupling between both arrangements of nodes.
The results reported so far demonstrate that the OvIEFG approach allows an accurate computation of the
marked temperature increments and corresponding gradients developed in the moving heat sources vicinity without
resorting to an adaptive nodes refinement, but only a fine
enough arrangement of patch nodes moving with the heat
source. Such patch nodes arrangement reciprocally transfer information with the coarse distribution of background
nodes in order to achieve the enriched final solutions reported so far, in a remarkably simple manner.

4.

Discussion

The results reported in the previous section have put in
an appropriate perspective the suitability of using the current Ov-IEFG to obtain accurate solutions for transient heat
conduction problems with a moving heat source inherent in
arc welding processes, in a remarkably simple manner. The
IMLS approximations using nodes in a moving local support
domain allows a straightforward and high-order continuous
computation of the temperature throughout the entire problem domain, whereas the fine distribution of moving patch
nodes leads to an enriched approximation of temperature in
the heat source vicinity in order to achieve an accurate integration of the thermal energy delivered to the plate. The integrals given in the IEFG formulations (7) and (8) have been
computed via 3 Gauss quadrature rules (9 points in each integration cell) individually defined for the background and
moving patch nodes, and the integration cells are defined in
terms of the nodes position. The Gauss points in ΩBG are
fixed, whereas the Gauss points in ΩPC undergo the same
rigid body motion of the patch nodes. Such feature allows
a fairly simple computation of the integrals inherent in the
Ov-IEFG procedure at each time step, when compared to
the procedures required to conform the density of integration points to the nodes position in the framework of meshless solutions with adaptive nodes refinement [34] . It should
be mentioned that the smooth transition of the temperature distributions in the region of coupling between both
arrangements of nodes has also been achieved via an appropriate selection of the immersed boundary locations, which
must be defined such that the distance between ΓBG→PC and
ΓBG→PC is 2 to 3 times the nodal spacing of the background
nodes arrangement representing ΩBG . This has actually
been conceived as an extension of the criterion introduced
by Storti et al. [55] for overset techniques developed within
the framework of FEM, which establishes that the achieve-

ment of a smooth coupling based on the local implementation of high-order interpolation schemes requires a distance
between immersed boundaries of at least twice the average
size of the background mesh elements in the coupling region.
Particularly in this work, the support size of the nodal influence domains used to construct the IMLS has been chosen to
be twice the spacing between neighbouring nodes, whereas
the distance between ΓBG→PC and ΓBG→PC is 2.5 times the
nodal spacing. Such support size gives rise to a fairly smooth
and continuous high-order approximation of temperature,
which has allowed the appropriate extension of the Storti
et al. [55] criterion to the meshless Ov-IEFG approach proposed in this communication. The fine distribution of moving patch nodes used in the current Ov-IEFG approach has
allowed the achievement of the accurate results reported so
far, in a remarkably simple manner. The significance of such
a positive feature is depicted in Fig.9(a)-(c), where the temperature profiles computed at t = 25 s via the Ov-IEFG
procedure along the thin plate horizontal axis of symmetry
are compared to standard IEFG-based solutions performed
using uniform distributions of nodes to represent the problem domain. The Ov-IEFG technique performs significantly
better than the IEFG method formulated under a single uniform distribution of fixed nodes, since the last has exhibited
noteworthy difficulties concerning the appropriate capture
of the moving heat source effects. The Ov-IEFG technique
has given rise to an appropriate capture of the high temperatures and marked thermal gradients developed in the
moving heat source vicinity, whereas the standard IEFG formulation has not allowed such straightforward achievement
of accurate results in the more demanding situations of small
effective area and point heat source. The temperature profiles achieved via the Ov-IEFG technique in the case of an
effective area of moderate dimensions (r0 = 2 mm) are virtually indistinguishable from those computed via the standard IEFG method based on a single uniform distribution
of fixed nodes, regardless such fixed arrangements of nodes
are coarse (61 × 16) or fine (201 × 51). This is a feature already discussed in the introduction of this communication,
i.e. the smooth-higher order approximations achieved via
IMLS are enough to achieve accurate results in the framework of meshless techniques when the heat source effective
area has moderate dimensions [7,8,10,33] . On the other hand,
such positive features concerning the IMLS approximations
have not been enough to provide the same accuracy in the
cases of small effective areas and point heat sources. In
the particular case of the moving heat source with an small
effective are of radius r0 = 0.2 mm, the standard IEFG solution has required a domain representation consisting of
201 × 51 = 10251 nodes in order to roughly reach the accuracy achieved with the Ov-IEFG procedure proposed in this
work. Such an outcome demonstrates the potential and suitability of the current approach to efficiently achieve accurate
and stable approximations of temperature and heat flux in
the heat source vicinity, since the number of nodes required
in the standard IEFG solution exceeds 4 times the quantity
used under the Ov-IEFG approach (61×16+51×26 = 2302).
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(c) r0 = 0 mm (point heat source)

Figure 9: Comparison between the temperature profiles computed via the Ov-IEFG technique along the horizontal symmetry axis
of the plate at t = 25 s, with those achieved via a standard IEFG method under increasingly refined uniform nodes distributions.
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Furthermore, the standard IEFG-based formulation with
a fine distribution of 201×51 fixed nodes in the moving point
heat source situation still provides a very poor capture of
the high temperatures and marked thermal gradients that
must arise near such an extremely concentrated heat source,
in comparison with the enriched solution performed via the
proposed Ov-IEFG technique.

ture concerning fixed-nodes meshless procedures limited to
the solution of problems involving moving heat sources with
effective areas of moderate dimensions [7,8,10,33] . The current Ov-IEFG has also allowed a straightforward achievement of a smooth and continuous temperature distribution
in the transition from ΩBG to ΩPC , which has already been
depicted in Fig.5-8. This is possible due the continuous imposition of the CDC via the penalty integrals included in
(7) and (8), which are computed capturing and continuously weighting information of neighbouring nodes defining
a moving local support domain to construct the IMLS approximations at the integrations points along the immersed
boundaries ΓBG→PC and ΓPC→BG .

(a) t = 5 s

(a) t = 5 s

(b) t = 25 s

(b) t = 25 s

(c) t = 50 s

Figure 10: Heatlines patterns obtained over the rectangular plate
at different times via the proposed Ov-IEFG, with a moving heat
source of an effective circular area of radius r0 = 2 mm.
(c) t = 50 s

These outcomes demonstrate the noteworthy potential
of the Ov-IEFG technique to provide a more comprehensive Figure 11: Heatlines patterns obtained over the rectangular plate
use of the IMLS approximations positive features in the so- at different times via the proposed Ov-IEFG, with a moving heat
lution of transient heat conduction problems with moving source of an effective circular area of radius r0 = 0.2 mm.
heat sources, unlike the work so far available in the litera13

The positive features of the IMLS approximations have
not only allowed the achievement of smooth and stable distributions of temperature, but also of conductive heat flux.
This outcome is demonstrated in the heatlines depicted in
Fig.10(a)-(c), Fig.11(a)-(c) and Fig.12(a)-(c), which have
been constructed for each size of effective circular area.
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Figure 12: Heatlines patterns obtained over the rectangular plate
at different times via the proposed Ov-IEFG, with a moving heat
source of an effective circular area of radius r0 = 0 mm. (point
heat source)
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Such a feature gives rise to a robust coupling of temperature and heat flux between both arrangements of nodes,
since the information to be transferred along the immersed
boundaries is directly computed at each integration point
from a continuous and smooth field constructed via IMLS
approximations. This is a fundamental difference with respect to nodes-based piecewise transfer of information commonly performed with the overset techniques developed for
mesh-based methods, which usually involves a further local
reconstruction procedure conceived to enrich the information to be transferred between overlapping meshes or grids
in order to allow a smooth coupling [55] .
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(c) r0 = 0 mm (point heat source)

Figure 13: Profiles of the horizontal heat flux component computed at different times along the horizontal symmetry axis of
the plate, via the proposed Ov-IEFG.

The heatlines are smooth and stable in most of the plate,
and exhibit some slight fluctuations in regions upstream the
moving heat source at t = 5 s and t = 25 s. The heat
flux is extremely low in such regions, which have not yet
perceived the moving heat source pass. Constructing heat-

14

4.1.

lines in regions where the heat flux is virtually uniform and
null do not provide meaningful physical insights concerning the heat transfer problem, and such information will be
unaccurate regardless the numerical technique used. This
aspect provides an explanation to the slight fluctuations of
some heatlines upstream the moving heat source, and why
the heatlines have not been plotted over the entire plate at
t = 5 s and t = 25 s. The smooth and stable heatlines computed via the Ov-IEFG technique are actually related to the
potential of this numerical approach to properly capturing
the high temperature gradients near the moving heat source,
which gives rise to a stable and accurate computation of the
heat flux via the Fourier’s Law. The heatlines do not exhibit
spurious oscillations or discontinuities in the transition from
ΩBG to ΩPC , which is not an easy task in the framework of
overset methods. This outcome demonstrates the possibility of performing an accurate and straightforward transfer
not only of thermal information via the proposed Ov-IEFG
technique, but also of the corresponding thermal gradients.
A better visualization of the smooth heat flux transition in
the coupling between ΩBG and ΩPC is given in Fig.13(a)(c), where the horizontal component of the computed heat
fluxes (qx = −k ∂T /∂x) have been plotted along the horizontal symmetry axis of the plate. Regardless the radius of
the heat source effective area, the Ov-IEFG technique has
given rise to a smooth coupling between the heat flux profiles
computed in ΩBG (dashed lines) and ΩPC (solid lines). The
conductive heat fluxes in ΩBG and ΩPC have been computed
and coupled in a straightforward manner, by introducing the
IMLS given in (5) and (6) in the Fourier’s Law:

~
q = −k∇T =


nBG
X

(I)
(I)


∇ϕBG (~
x)T̂BG
−k




I=1

in ΩBG


nPC

X


(I)
(I)


x)T̂PC
∇ϕPC (~
−k


in ΩPC

.

Suitability of the Ov-IEFG procedure
in cases of heat sources moving along
curve paths

The proposed Ov-IEFG technique have been used so far
in the solution of transient heat conduction problems concerning arc welding processes with moving heat sources following a straight path, which is enough to put in an appropriate perspective the potential and reliability of this approach to achieve stable and accurate results for both temperature and heat flux in the vicinity of moving heat sources
of any size (even point heat sources). It is worth to mention
that in cases of heat sources following such a simple path,
the heat transfer problem can also be accurately solved performing an appropriate refinement of the domain discretization along the heat source path. Such kind of refinements
are not feasible in the framework of problems with moving heat sources following curve or arbitrary paths, whereby
complex and robust remeshing or nodes reconfiguration algorithms are required in these situations. The current section is focused on using the proposed Ov-IEFG technique
to solve a transient heat conduction problem with a point
heat source moving along a curve path, in a remarkably
simple manner. The solution of such a problem is intended
to put in an appropriate perspective an additional positive
feature of the Ov-IEFG method, which is the possibility of
achieving accurate and stable numerical results without the
need of resorting to remeshing or nodes reconfiguration procedures conceived to properly capture the effects of heat
sources moving along curve paths. This positive feature will
be demonstrated solving a heat conduction problem with
the geometry and boundary conditions depicted in Fig.14,
and the results will be compared to the solution performed
by Khosravifard et al. [34] via a RPIM with adaptive nodes
(17)
reconfiguration. In this problem, the heat source position
~xs (t) at time t is given by:

I=1

Accordingly, the smooth and continuous derivatives inherent in the IMLS approximations have allowed the direct coupling of the heat fluxes computed in ΩBG and ΩPC via (17).
Such a feature demonstrates that the proposed Ov-IEFG
approach has a noteworthy potential to provide a straightforward construction of both enriched temperature and heat
flux distributions, via a straightforward IMLS-based coupling between the solutions computed in ΩBG and ΩPC . This
is actually different from the overset techniques developed
in the context of mesh-based methods, where the discontinuous element-wise or cell-wise approximations of the spatial derivatives precludes to perform a continuous coupling
between the heat fluxes computed in the patch and background meshes or grids. Such issue is usually solved setting the final global enriched solution over a single mesh or
grid reconstructed from the patch and background meshes
or grids, which is performed via the substitution of overlapping regions with non-structured grids. The reconstructed
mesh or grid keeps the nodal values of the non substituted
elements or cells, and the enriched heat flux field is computed performing the temperature derivatives over such single mesh [55] .

~
xs (t) =




xs (t) =

3t
5000



ys (t) =

1
9

h

+ 1 (m),
3t
5000

+1

2

−2

3t
5000

i

+ 1 + 10 (m),

0 ≤ t ≤ 5000 (s)

(18)

whereby the heat source moves with a velocity ~v (t) =
(us (t), vs (t)) given by:

~v (t) =



us (t) =

3
5000




2t
50002

vs (t) =

(m/s),
(m/s),
0 ≤ t ≤ 5000 (s)

(19)

The current problem involves both Dirichlet and Neumann
boundary conditions on ΓBG , which are q̄ = 0 on Γq and
T̄ = 200 K on ΓT . The transient heat conduction problem will be solved considering the welding parameters and
material properties summarized in Table 2, with the initial
position of the heat source centre at (xs , ys ) = (1, 1) (m).
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𝜕𝑇
=0
𝜕𝑥

has allowed a stable and detailed capture of the temperature increments and marked thermal gradients developed in
the heat source vicinity. Such outcomes demonstrate the
noteworthy potential of the Ov-IEFG technique to achieve
accurate and stable results in the solution of transient heat
conduction problems inherent in arc welding processes, regardless the moving heat source path.

𝑇 = 200 K

3m

𝑇 = 200 K
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+
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Figure 14: Geometry and boundary conditions concerning the
heat conduction problem with a moving heat source following a
curve path, in this case the heat source velocity is not constant.

y (m)

2

BG PC

1.5
1
0.5
0
0

Table 2: Welding parameters and material properties concerning
the transient heat conduction problem with a moving heat source
following a curve path, proposed by Khosravifard et al. [34] .

1

2

3

4

x (m)

5

(a) t=2500 s
3

Welding parameters

PC BG

Values

Total power of the point heat source QT (W)
Initial temperature T0 (K)

20000
200
Values

-1

-1

Conductivity (W.m .K )

54

Specific heat capacity (J.kg-1 .K-1 )

465

Density (kg.m-3 )

7833

BG PC

2

y (m)

Material properties

2.5

1.5
1
0.5
0

The arrangements of overlapping nodes at times t =
2500 s and t = 5000 s are depicted in Fig.15(a)-(b), where
the patch nodes moves following the curve path of the moving heat source. The moving and background computational
domains have been represented with 1270 and 1681 nodes,
respectively. The corresponding temperature distributions
are given in Fig.16(a)-(b), and the results achieved near the
heat source via the proposed Ov-IEFG approach exhibit a
markedly smoother and more stable behaviour than those
reported by Khosravifard et al. [34] . It is also worth mentioning that the maximum temperature computed under
Ov-IEFG approach actually exceeds the upper limit of the
colours scale, but it has been set in order to perform a fair
qualitative comparison with the temperature distributions of
Khosravifard et al. [34] . Such a feature is put in a better perspective in Fig.17, which includes the temperature profiles
computed along the horizontal lines y = 1.9 m, y = 1.99 m
and y = 2.0 m at t=5000 s. The maximum value of temperature in the profile corresponding to the line passing over
the current position of the heat source (xs , ys ) = (4, 2) (m)
is 388 K, and the results exhibit a continuous and smooth
coupling between ΩBG (dashed lines) and ΩPC (solid lines).
It is also worth to mention in this case that the temperature
computed at the exact location of the moving point heat
source does not actually provide any meaningful information, but it is also noteworthy that the Ov-IEFG approach

0

1

2

3

x (m)

4

5

(b) t=5000 s

Figure 15: Overlapping nodes arrangement used in the solution
of the heat transfer problem with moving heat source following
a curve path. The patch nodes (red) move with the heat source,
and the integrals corresponding to the transfer of information via
the CDC are computed using the Gauss integration points (black)
lying on the embedded boundaries ΓBG→PC and ΓPC→BG .

The smoothness and stability of the temperature distributions achieved via the proposed Ov-IEFG approach are
related to an appropriate selection of the influence domain
for each node according to the local average nodal spacing of the non-uniform distribution used to represent ΩPC ,
where the nodes are exponentially clustered near to the heat
source via the coordinates transformation given in the work
of Ding. [58] . A comprehensive explanation concerning a simple procedure to define the influence domain of each node in
these kind of clustered distributions can be found in a previous communication [43] . The appropriate selection of the
influence domains has been performed only once and kept
during the entire analysis of the transient heat conduction
problem, since the patch nodes arrangement undergoes a
simple rigid body motion following the heat source.
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step are cumbersome and computing demanding procedures.
The temperature profile computed along the horizontal line
y = 1.9 m at t=5000 s using the proposed Ov-IEFG method
is compared in Fig.18 with the results achieved by Khosravifard et al. [34] via the dynamic nodes reconfiguration procedure and the RPIM-BDM, and the solutions exhibit an
excellent fitting. Such results demonstrate the accuracy and
reliability of the solutions achieved via the Ov-IEFG procedure proposed in this work, now in the context of transient
heat conduction problems with heat sources moving along
curve paths.
(a) t=2500 s

240
235

Ov-IEFG in

230

Ov-IEFG in
RPIM-BDM

BG
PC

T (K)

225
220
215
210
205

(b) t=5000 s

200

Figure 16: Temperature distributions concerning the Ov-IEFGbased solution of the heat transfer problem with moving point
heat source following a curve path, at times 2500 s and 5000 s.
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Figure 18: Comparison of the temperature profile computed via
the Ov-IEFG technique along the horizontal line y = 1.9 m at
t=5000 s, with the RIPM-based solution subjected to the adaptive nodes refinement proposed by Khosravifard et al. [34] .

PC
BG
PC

4.2.

BG

Accuracy and computing performance

The aspects discussed so far regarding the Ov-IEFG
method performance have put into proper perspective the
280
potential of this novel approach in the solution of transient conduction heat transfer problems with moving heat
260
sources following both straight and curved paths, where
240
the arrangements of moving patch nodes have allowed an
appropriate capture of the high temperatures and marked
220
thermal gradients developed in the vicinity of heat sources
200
with effective areas of any size. The possibility of improv0
1
2
3
4
5
6
ing the accuracy of an IEFG-based solution to capture
x (m)
the moving heat source effects via the Ov-IEFG approach
Figure 17: Temperature profile along the horizontal line y = proposed in this work has been demonstrated within the
1.9 m, y = 1.99 m and y = 2.0 m at t=5000 s.
framework of a simple benchmark involving a rectangular
thin plate with a heat source moving with constant velocity
along the horizontal axis of symmetry, where the Ov-IEFG
This feature is a crucial implementation advantage over technique has allowed an appropriate capture of the high
the dynamic nodes reconfiguration procedure used in the temperature and marked thermal gradients developed near
RPIM-BDM-based solution performed in [34] , where both the moving heat source. Actually, it was demonstrated that
defining the nodal influence domains and conforming the the proposed approach is remarkably more accurate than a
integration points to the nodes distribution at each time standard IEFG method formulated under a single uniform
300

y=1.9, Solution in

PC
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nodes distribution. The Ov-IEFG approach has been subsequently implemented in the solution of a more complex
problem involving a point heat source moving with variable
velocity along a curve path in a not rectangular geometry,
and the results achieved have exhibited an excellent agreement with the solution performed by Khosravifard et al. [34]
under a RPIM with adaptive nodes reconfiguration. The
rigid body motion of the patch nodes arrangement according
to the heat source path allows the achievement of accurate
results without resorting to procedures of nodal influence
domains updating and integration points conforming, which
are commonly required within the framework of adaptive
nodes reconfiguration approaches [14,34] .
Although the suitability and reliability of the proposed
Ov-IEFG have already been demonstrated in the solution
of problems where the moving heat source location in the
problem domain is actually followed and updated at each
time step, such a technique can also be implemented within
the framework of a simple Rosenthal’s formulation. This approach is a feasible approximation in regular geometry problems with moving heat sources following sufficiently simple
paths so that no information about the current location of
the heat source is required to perform an appropriate prediction of the temperature distribution developed around
it, which allows a simple description of the transient heat
conduction problem in a coordinates system attached to the
moving heat source. This aspect allows the assumption of a
fixed location for the moving heat source, whereas its motion
is emulated via an advective term arising from the Rosenthal’s coordinates transformation [7,57] . The numerical solution of transient heat conduction problems with moving
heat sources under such approximated approach is remarkably simple, and its controlled conditions and low computing requirements make it suitable to conduct comprehensive parametric analyses in order to validate the accuracy
of a proposed method. Particularly in the case of meshless methods, examples of accuracy analyses performed under the Rosenthal’s formulation can be found in the work
of Pham et al. [7] and Reséndiz Flores-Saucedo Zendejo [33] .
Accordingly, a comprehensive parametric analysis within the
framework of a Rosenthal’s formulation will be conducted in
the current section in order to validate the accuracy and assess the computing performance of the proposed Ov-IEFG
technique. The aforementioned parametric analysis will be
performed revisiting the simple benchmark case of the rectangular thin plate with a moving heat source following a
horizontal straight path at constant velocity, now formulated under the Rosenthal’s coordinates transformation. A
fixed location at (x, y) = (50, 0) (mm) for the moving heat
source is assumed, and the fine arrangement of patch nodes
is placed at such position in order to properly capture the
temperature increments and marked thermal gradients developed near the moving heat source. An Ov-IEFG technique devised to solve transient heat conduction problems
with moving heat sources under the Rosenthal’s formulation
is actually very simple to implement since both ΩBG and
ΩPC are now fixed in space, and the thermal problems over

each one of these overlapping domains are described in a
coordinate system attached to the moving heat source. The
partial differential equation to be solved in both ΩBG and
ΩPC are the same as Eq. (2), but the advective term is now
included in order to emulate appropriately the heat source
motion according to the Rosenthal’s coordinates transformation and not following an ALE description (there is no
relative motion between ΩPC and ΩBG ). The accuracy analysis is carried out by comparison with a FEM-based solution,
which has been performed with a highly refined mesh such
that the results achieved are accurate enough to be considered as benchmark. The mesh used for such FEM-based
benchmark solution consists of 400 × 100 = 4 × 104 elements
exponentially clustered towards the heat source location, as
depicted in Fig.19.

Figure 19: Fine mesh concerning the FEM-based benchmark solution.

The welding parameters and materials properties are the
same given in Tab.1, and the effective circular area of the
moving heat source has a radius of r0 = 0.002 mm. The high
accuracy of the FEM-based solution with the discretisation
of Fig.19 is ensured since the increase in internal energy per
unit thickness of the plate at every time instant is virtually
non-sensitive to further mesh refinements, which is depicted
in the asymptotic behaviour exhibited in Fig.20(a)-(c). Accordingly, the FEM-based solution of the current transient
heat conduction problem with such mesh provides a very
accurate capture of the energy delivered by the moving heat
source. The accuracy of both the proposed Ov-IEFG approach and a standard IEFG method formulated under a
single nodes distribution has been assessed in terms of the
following normalized errors based on the L2 -norm, which
have been computed with respect to the highly refined FEMbased benchmark solution:

ELOv-IEFG
=
2
ELIEFG
=
2

T Ov-IEFG − T FEM
kT FEM kL2

T IEFG − T FEM
kT FEM kL2

L2

.

L2

,

(20)
(21)

The Ov-IEFG-based solutions have been performed under the same approach followed so far, i.e. a coarse uniform background nodes arrangement with a non-uniform
fine patch nodes distribution overlapped at the moving heat
source location and clustered towards its centre.
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the same exponential clustering performed towards the moving heat source location in the highly refined FEM-based
benchmark solution. For visualization purposes, the finest
nodes distributions used in the accuracy analysis of both
the Ov-IEFG and standard IEFG approaches are shown in
Fig.21(a)-(b).
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Figure 21: Finest nodes distributions used in the accuracy analysis of both the Ov-IEFG and standard IEFG approaches. The
arrangements of nodes depicted for (a) the Ov-IEFG and (b) the
standard IEFG approches consist of 101 × 26 + 101 × 51 = 7777
and 161 × 41 = 6601 nodes, respectively.
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Figure 20: Increase in internal energy per unit thickness of the
plate computed via the FEM-based solution, for different mesh
refinements at (a) t=5 s, (b) t=25 s, and (c) t=50 s. T0 is the
intial temperature of the plate

On the other hand, the distributions of nodes concerning
the standard IEFG-based solutions have been subjected to

The results achieved for different times are shown in
Fig.22(a)-(c), which exhibit similar behaviour in the convergence of both methods to the highly refined FEM-based
benchmark results. The numerical solutions have been performed under a fully implicit backward finite difference
scheme with a time step of ∆t = 6.25 × 10−4 , and the
behaviour of both the Ov-IEFG and standard IEFG-based
solutions are similar in the course of the entire transient
heat conduction analysis. Such an outcome demonstrates
the significant potential of the proposed Ov-IEFG approach,
since it allows the use of a very simple arrangement of background nodes with a very fine distribution of patch nodes
particularly overlapped at the region of interest (the moving heat source location) to achieve an accuracy similar to
that of a standard IEFG-based solution where the nodes
distribution has been clustered appropriately near the heat
source. It is also worth noting that the convergence behaviour of the Ov-IEFG slightly degrades with respect to
the standard IEFG for the finest nodes distributions, and the
standard IEFG with the clustered nodes distribution proves
to be more accurate for domain representations consisting
of more than about 5000 nodes. The plots of Fig.22(a)(c) also exhibit similar convergence rates in terms of the
number of nodes for both the Ov-IEFG and standard IEFG
approaches. Both methods also exhibit convergence rates
higher than those corresponding to a standard mesh-based
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solution performed via FEM, which is a thoroughly studied
positive feature of EFG methods [14] . For reference, the theoretical convergence rate in terms of the number of nodes for
a FEM-based solution has been included in the convergence
plots. Nevertheless, the convergence rate achieved according
to the nodes refinement performed within the framework of
the proposed Ov-IEFG technique is not as regular as that
exhibited by the standard IEFG approach. The aforementioned aspects concerning the convergence behaviour of the
Ov-IEFG technique are related to the penalty-based coupling between the arrangements of background and patch
nodes involved in the proposed Ov-IEFG approach, which
precludes the achievement of conventional convergence behaviours theoretically dictated in the context of standard
meshless methods based on a single nodes distribution [14] .
Such effects introduced by the CDC involved in the OvIEFG approach are subjected to several factors such as the
support size of the nodal influence domains, the ratio between sizes of ΩPC and ΩBG , and the penalty factor used
in the imposition of the CDC. Particularly in this work,
the size of ΩPC has been chosen to be 10 times the spacing
between nodes of the coarse background arrangement used
to represent ΩBG , the support size of the nodal influence domains is twice the spacing between neighbouring nodes, and
the penalty factor has been computed as hp = 100 × k h−2
(h is the average spacing between neighbouring nodes of
the background arrangement representing ΩBG ) [60] . The
smoothness and accuracy of the results achieved so far
in the solution of problems involving moving heat sources
of different sizes following both straight and curve paths
demonstrate that the aforementioned parameters have been
appropriately setted, also leading to the achievement of a
convergence behaviour similar to that of a standard IEFGbased solution performed under a single nodes distribution
clustered near the moving heat source. A more comprehensive parametric analysis concerning the factors involved in
the CDC can be conducted in order to get a more regular
convergence behaviour, which is an interesting issue to be
addressed in further work.
Although the standard IEFG formulation under the clustered nodes distribution exhibits a slightly better performance than the proposed Ov-IEFG approach for domain
representations consisting of more than about 5000 nodes,
to perform an appropriate nodes clustering is an easy task
only in the current benchmark case where a fixed position
for the moving heat source can be assumed according to
the Rosenthal’s coordinates transformation. On the other
hand, the standard IEFG formulation could not be suitable
within the framework of problems where the approximated
approach of Rosenthal is not feasible and the moving heat
source location must actually be followed. The implementation of dynamic nodes reconfiguration algorithms would be
required to cluster properly the nodes distribution near the
heat source at each time step, which -as discussed so far- is
also subjected to the need of updating the nodal influence
domains and conforming the integration points according to
the nodes reconfiguration.

(a) t=5 s

(b) t=25 s

(c) t=50 s

Figure 22: Comparison of the convergence behaviour achieved via
both the Ov-IEFG and standard IEFG techniques with respect
to the highly refined FEM-based benchmark results, at times (a)
t=5 s, (b) t=25 s, and (c) t=50 s.
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Such procedures are cumbersome and particularly computing demanding within the framework of EFG methods,
since also involve the need for finding the support domain
nodes at each integration point according to the updated
nodes distribution. The search for support domain nodes at
each integration point is actually the most time-consuming
calculation procedure in EFG methods, and several comprehensive discussions concerning the development of more
efficient techniques for finding neighbouring nodes and constructing shape functions in EFG methods [61,62] and other
meshless techniques [62,63] can be found in the literature.
The solution of transient heat conduction problems with
moving heat sources using dynamic nodes reconfiguration
algorithms within the framework of EFG methods and related implementation aspects is beyond the scopes of this
communication, which is actually focused on the achievement of accurate results via an easier-to-implement alternative Ov-IEFG approach.

heat source via the Rosenthal’s coordinates transformation
has been feasible due to the problem simplicity. Under such
particular conditions, the computing demanding procedures
concerning the search for support domain nodes at each integration point, construction of IMLS approximations and
assembly of matrices are performed only once regardless
of whether the Ov-IEFG approach or the standard IEFG
method is used. The situation is completely different in the
cases for which the proposed Ov-IEFG technique has been
actually conceived, i.e. problems where following the moving heat source path is mandatory given that performing
the Rosenthal’s approximation would lead to unaccurate results. Solving problems of this kind via a standard IEFG
approach subjected to an adaptive nodes refinement near
the heat source involves noteworthy changes in the arrangement of nodes representing the problem domain during the
transient heat conduction analysis, which would increase the
computing time to more than 30 seconds between successive
configurations of the transient problem. Such a significant
increase in the computing time is related to the need of
finding the neighbouring nodes at each integration point,
constructing the IMLS approximations and reassembling the
matrices at each time step, which are computing demanding
procedures performed only once under a fixed nodes distribution. On the other hand, the requirement of performing
such computing-time demanding numerical procedures has
been circumvented in the problems addressed so far via the
proposed Ov-IEFG technique. The configuration of both
the background and patch nodes remains unchanged under
this approach, whereas the fine arrangement of patch nodes
merely perform a simple rigid body motion following the
path of the moving heat source. As discussed so far, such
a feature of the Ov-IEFG approach is the reason for which
the information concerning the support domain nodes at
each integration point and the IMLS approximations can be
processed only once and kept throughout the entire transient heat conduction analysis. Although the time required
to solve the system of equations at each time step under the
Ov-IEFG approach is approximately 0.4 seconds due to the
iterations performed to reach convergence in the CDC, it is
substantially less than the 30 seconds or more that would
be required in the computing-time demanding procedures
involved in a standard IEFG method with adaptive nodes
refinement. Such aspects demonstrate that the Ov-IEFG
technique proposed in this communication significantly excels the computing performance of a standard IEFG formulation coupled to an adaptive nodes refinement procedure,
in problems where the moving heat source location must be
actually known at each time step.

It has already been mentioned that the proposed OvIEFG technique is an alternative approach particularly conceived to achieve enriched solutions of transient heat conduction problems with moving heat sources, without the need of
performing the cumbersome and computing demanding procedures concerning the implementation of adaptive nodes
refinement algorithms. The simple rigid body motion of
the patch nodes used in the Ov-IEFG approach to follow
the path of the moving heat source and properly capture
the marked thermal gradients developed near it removes the
need of performing at each time step the search for support domain nodes of each integration point, which is actually the most time consuming part of EFG methods. In
this sense, it is also important to discuss the implications of
such positive feature in the computing performance of the
Ov-IEFG technique. Numerical solutions have been performed on a i7-7500U 2.90 GHz (i7 is a trademark of Intel
Corporation, Santa Clara, C. A., USA) processor running
the WINDOWS10 Home Basic (WINDOWS is a trademark
of the Microsoft Corporation, Redmond, C. A. USA) operating system with 12 GB of RAM installed. The numerical
procedures performed during the search for support domain
nodes at each integration point, construction of IMLS approximations and assembly of matrices concerning the OvIEFG and standard IEFG techniques have taken 32.6 and
32.08 seconds, respectively. The computing times are referred to the finest nodes distributions used in the current
accuracy analysis, which are depicted in Fig.21(a)-(b). Solving the system of equations at each time step has taken
0.36 seconds approximately under the Ov-IEFG approach,
whereas it has taken only 0.1 seconds approximately under
the standard IEFG method. This is related to the iterative 4.3. Extension to three-dimensional probprocedure required at each time step in the Ov-IEFG aplems with curved geometries and temproach, which is performed until convergence is reached in
perature dependent properties
the CDC imposed to transfer information between the arrangements of background and patch nodes. According to
The results discussed so far in this communication have
these results, the standard IEFG approach exhibits a better been useful to demonstrate the feasibility and reliability of
computing performance in this particular benchmark case using the proposed Ov-IEFG technique to properly capturwhere the assumption of a fixed position for the moving ing the effect of highly concentrated moving heat sources in
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transient conduction heat transfer problems, which is crucial where ω = ||~v ||/R. Accordingly, the moving heat source
to achieve an appropriate prediction of arc welding processes velocity ~v (t) = (us (t), vs (t), ws (t)) is given by:
performance. Such aspect has been proven not only in the


us (t) = ||~v ||sin(ωt) (mm/s),
solution of a simple problem involving a moving heat source




following a horizontal straight path in a rectangular geome

try, but also in a more interesting situation involving a point
~v (t) = vs (t) = ||~v ||cos(ωt) (mm/s),


heat source moving along a curve path in a non-rectangular




geometry. However, such problems addressed so far are lin
ws (t) = 0 mm/s
ear given that the thermal properties of the material have
been considered to be constant. Additionally, the domain
0 ≤ t ≤ 40 (s) (26)
geometry in both cases does not have introduced significant
complications in the numerical solution via the proposed OvIEFG technique. The actual potential of this novel approach
∂T = 0
∂n
will now be put into proper perspective via the solution of
a three-dimensional problem with a more complex geomeHeat source path
∂T = 0
try, including also temperature-dependent material proper∂n
ties and phase change effects. Solving a problem of this kind Heat source position
R=
at time t
125
is actually useful to demonstrate the possibility of using the
mm
v
Ov-IEFG technique in real applied situations where followwt
ing the moving heat source path is mandatory, and simplified
approaches (such as Rosenthal’s) do not hold [8,10] . An outline of the problem to be solved is given in Fig.23, which is
∂T = 0
∂T = 0
∂n
a circumferential arc-shaped part made of low-carbon struc- ∂n
tural steel S235JR. The heat input concerning the welding
process is represented by a split or composite heat source
H=40mm
∂T = 0
model, which is also depicted in Fig.23. Such a composite
45° Heat source
∂n
configuration
heat source model comprises a surface part with an effecdetail
tive circular area and a truncated cone-shaped volumetric
z
part, which are described by the following Gaussians distriy
butions [8] :
e=10mm x
Surface part,

−r 2 /rV (z)2

,

Volumetric part,

(22)

where Q̇S0 and Q̇V0 are the maximum energy per unit area Figure 23: Configuration and boundary conditions of the threeof the surface part and the maximum energy per unit vol- dimensional problem with curved geometry and temperatureume of the volumetric part, respectively. Such values are dependent material properties.
computed as:
Q̇S
0 = (1−γ)

QT
,
πr02

Q̇V0 = γ

3QT
, (23)
(zi − ze )π(ri2 + re2 + ri re )

where QT is the total power of the composite heat source,
whereas γ is the fraction of the power QT that is provided
by the volumetric part [64] . The geometric parameters r0 , ri ,
re , zi and ze involved in Eq.(23) are depicted appropriately
in Fig.23. The parameter r in the composite heat source
model is the distance from a given point to the symmetry
axis of the moving heat source, and the cross-sectional radius of the truncated cone rV (z) varies linearly in the axial
direction according to:
rV (z) = ri −

ri − re
(zi − z)
zi − ze

The material properties of the low-carbon structural steel
S235JR, and the welding parameters are given in Tab.3. Additionally, the dimensions required to define the problem geometry have already been depicted appropriately in Fig.23.
The dependence of material properties on temperature is
given in terms of the volume fraction of solid phase fs (T )
as follows:
k(T ) = ks fs (T ) + kl [1 − fs (T )],
Cp (T ) = Cps fs (T ) + Cpl [1 − fs (T )],
ρ(T ) = ρs fs (T ) + ρl [1 − fs (T )],

(24)

with the solid fraction computed according to:

The heat source moves at the upper surface along the arcshaped part mid-radius R, with a velocity of constant magnitude ||~v ||, whereby the current position of the heat source
centre ~xs (t) is given by:

fs (T ) =



1

T < Tsol ,
Tsol ≤ T ≤ Tliq ,




T > Tliq ,

Tliq −T
Tliq −Tsol

0

(28)



xs (t) = R[1 − cos(ωt)] (mm),






~xs (t) = ys (t) = R sin(ωt) (mm),







zs (t) = H (mm)
0 ≤ t ≤ 40 (s)

(27)

whereas the marked non-linearity concerning the solidliquid phase change effects is included via the effective specific heat approach:
Cpef f (T ) = Cp (T ) − Hf
(25)
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dfs
dT

(29)

Table 3: Welding parameters and material properties concerning the three-dimensional applied problem.
Welding parameters

Values

Initial temperature T0 (K)

298

Total power of the composite heat source QT (W)

450

Fraction provided by the volumetric part γ

0.7

Effective radius of the surface part r0 (mm)

0.8

Upper radius of the truncated cone ri (mm)

0.6

Lower radius of the truncated cone re (mm)

0.3

Axial position of the upper radius zi (mm)

39.8

Axial position of the lower radius ze (mm)

35.8

Velocity magnitude of the moving heat source ||~v || (mm/s)
Material properties

[65]

2
Values

Conductivity of solid phase ks (W.mm-1 .K-1 )
-1

0.045

-1

Conductivity of liquid phase kl (W.mm .K )

0.090
-1

-1

Specific heat capacity of solid phase Cps (J.kg .K )

480

Specific heat capacity of liquid phase Cpl (J.kg-1 .K-1 )

480

Density of solid phase ρs (kg.mm-3 )

7.6 × 10−6

-3

7.6 × 10−6

Density of liquid phase ρl (kg.mm )
Fusion latent heat Hf (J.kg-3 )

256000

Solidus temperature Tsol (K)

1739.8

Liquidus temperature Tliq (K)

1790.1

The transient problem has been solved under a fully implicit backward finite difference scheme with a time step of
∆t = 0.5 s, and now the iterative process is performed until
convergence is reached in both the CDC and non-linearities
concerning the temperature-dependent properties and phase
change effects. The arrangement of overlapping nodes at different times are depicted in Fig.24(a)-(c), where the patch
nodes perform a purely rotational rigid body motion around
the revolution axis of the arc-shaped part. The rigid body
motion is such that the symmetry axis of the moving heat
source remains in the centre of the patch nodes arrangement
during the entire transient heat conduction analysis, i.e. the
patch nodes move with angular velocity ω = ||~v ||/R. The
background arrangement consists of 22869 nodes, whereas
15129 nodes are included in the fine patch arrangement. The
temperature distributions corresponding to the configurations depicted in Fig.24(a)-(c) are given in Fig.25(a)-(c) and
Fig.26. Fig.25(a)-(c) depicts the temperature at the domain
outer surface, whereas the temperature distribution in axial
slices located at the heat source position at each time step
are given in Fig.26. The Ov-IEFG approach has allowed the
appropriate capture of the high temperatures and marked
thermal gradients developed near the moving heat source
also in the current three-dimensional problem, which also includes non-linearities related to the temperature-dependent
material properties. The smooth and stable temperature
distributions both on the outer surface and within the domain demonstrate both the convergence on the non-linear
aspects and the appropriate transfer of information achieved
though the immersed boundaries ΓBG→PC and ΓPC→BG ,
whose details are depicted in Fig.27 for visualization pur-

poses. The achievement of such smooth and stable results
under the solid-liquid phase change effects has provided a
robust validation of the Ov-IEFG technique potential in the
thermal modelling of welding, since the heat released during
such transition introduces one of the more complex material
non-linearities to be solved in order to predict the performance of these processes under real conditions [9,65,66] . The
solution obtained via the Ov-IEFG approach has been compared to a standard FEM-based solution with the mesh depicted in Fig.28, which has had to be highly refined and clustered towards the domain upper-surface to capture appropriately the moving heat source effects. Such a mesh consists
of 627200 elements and 660633 nodes, which significantly exceeds (by a factor of more than 17) the 22869+15129=37998
nodes used under the Ov-IEFG technique. The temperature
profiles computed under both the Ov-IEFG technique and
the FEM along the arc length s covered by the moving heat
source path are compared in Fig.29, and the results obtained
exhibit an excellent agreement between both numerical solutions at different times. Despite the greater complexity
of the current problem, the temperature profiles computed
under the Ov-IEFG still exhibits a continuous and smooth
transition in the region of coupling between both arrangements of nodes. It is worth to mention that although the
rigid motion of the patch nodes arrangement still allows the
possibility of keeping the same support domain nodes at
each integration point in ΩPC during the entire transient
analysis, the change of orientation that such arrangement
undergoes in this case due to the rotation around the revolution axis of the domain geometry leads to the need of
constructing the IMLS approximations at each time step.
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(a) t=5 s

(a) t=5 s

(b) t=25 s

(b) t=25 s

(c) t=40 s

(c) t=40 s

Figure 24: Overlapping nodes arrangement used in the solution of the three-dimensional problem with curved geometry and
temperature-dependent material properties. The background
and patch nodes are depicted in blue and red, respectively.

Figure 25: Outer surface temperatures computed via the proposed Ov-IEFG technique, for the three-dimensional problem
with curved geometry and temperature-dependent properties.
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t=40s
t=25s

t=5s

Figure 26: Temperature distributions in axial slices located at
the position occupied by the moving heat source at diffent times.

Figure 28: Mesh used in the standard FEM-based solution of the
three-dimensional problem with curved geometry and temperature dependent material properties

Additionally, the matrices must also be assembled at
each time step due to the non-linearities introduced by
the temperature-dependent material properties and phase
change effects. However, the Ov-IEFG technique continues
to save significant computing time under such conditions,
since -as discussed so far- the searching for support domain
nodes at each integration point is the most computing demanding procedure in the numerical implementation of EFG
methods.
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Figure 29: Comparison of the temperature profile computed via
the Ov-IEFG technique along the arc length s covered by the
moving heat source, with those obtained from a standard FEMbased solution.

Actually, the remarkably low number of nodes required
to
solve
this problem via the Ov-IEFG technique has given
Figure 27: Detail of the immersed boundaries moving with the
rise
to
computing
times shorter than those required in the
patch nodes arrangement for the transfer of information between
FEM-based
solution.
Solving the non-linear thermal probthe overlapping domains ΩBG and ΩPC , during the solution of
the three-dimensional problem with curved geometry and tem- lem between successive time steps under the Ov-IEFG apperature dependent material properties
proach has taken approximately 450 seconds, whereas it has
taken about 900 seconds under the FEM. This is not easy
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to achieve in EFG methods, whose computational requirements would significantly exceed those of standard meshbased approaches if implemented with the same number of
nodes [14] . This is actually the main idea of recent work
devoted to explore new possibilities in the formulation of
EFG methods [67–69] , i.e. proposing alternative approaches
which are easy to implement in the context of this numerical
techniques in order to reduce number of nodes required and
saving computing time.

5.

Conclusions

In this communication, a novel overlapping nodes scheme
based on the improved element-free Galerkin method has
been developed and successfully implemented in the solution of transient heat conduction problems with moving
heat sources inherent in arc welding processes. Such an
overset improved element-free Galerkin approach uses a fine
arrangement of patch nodes undergoing a rigid body motion over a coarse arrangement of fixed nodes, according to
the path followed by the moving heat source. The patch
nodes have allowed an accurate computation of both temperature distributions and conductive heat flux in the moving heat source vicinity, whose effects could not be properly
captured by the coarse arrangement of fixed nodes. The
smoothness and continuity features of the improved moving least squares approximations have allowed a straightforward transfer of information between the overlapping arrangements of patch and background nodes, performing a
continuous imposition of coupling Dirichlet conditions via
the penalty method. There has been no need for complex
post-processing or local reconstruction techniques to achieve
a smooth and continuous coupling between both the temperature distributions and conductive heat fluxes computed
over each nodes arrangement, which is a feature that excels the overset techniques developed so far in the context
of both finite element and finite volume methods. The proposed overset improved element-free Galerkin method allows the achievement of very accurate and smooth solutions
in transient heat conduction problems inherent in arc welding processes, regardless both the effective area and path
of the heat source. An accuracy analysis performed within
the framework of a simple benchmark problem formulated
under the Rosenthal’s approach has demonstrated the convergence behaviour of the proposed technique, which exhibited an accuracy similar to a standard improved elementfree Galerkin-based solution performed under a single nodes
distribution clustered near the moving heat source. It has
also been demonstrated the better computing performance
of the overset improved element-free Galerkin technique in
the context of problems where it is mandatory to follow the
moving heat source path, compared to that which would be
achieved via a conventional improved element-free Galerkinbased solution performed under an adaptive nodes refinement procedure. The rigid body motion performed by the
fine distribution of patch nodes has been useful to overcome
the need of defining the nodal influence domains, conforming the integration points, and searching for the support
domain nodes at each integration point between successive
nodes configurations, which are cumbersome and computing
demanding procedures required in meshless solutions per-

formed under adaptive nodes refinement techniques. The
positive features of the technique proposed in this communication have also been successfully extended to the solution
of a three-dimensional problem involving a more complex
geometry and marked non-linearities concerning the material properties, which has been useful to demonstrate the
actual potential of this novel approach to predict the thermal performance of welding processes in real conditions. In
summary, this novel approach provides a more comprehensive and efficient use of the positive features concerning the
improved-element free Galerkin method in order to solve
heat transfer problems in arc welding processes subjected to
more complex conditions than those affordable in the context of standard fixed nodes meshless solutions.
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